We investigate generalizations of the Charlier polynomials on the lattice N, on the shifted lattice N + 1 − β and on the bi-lattice N ∪ (N + 1 − β). We show that the coefficients of the three-term recurrence relation for the orthogonal polynomials are related to solutions of the fifth Painlevé equation PV (which can be transformed to the third Painlevé equation). Initial conditions for different lattices can be transformed to the classical solutions of PV with special values of the parameters.
Introduction
In this paper we investigate the recurrence coefficients of orthogonal polynomials, in particular generalized Charlier polynomials, and show that they are related to the solutions of a continuous Painlevé equation when viewed as functions of one of the parameters. We are interested to see how the properties of the orthogonal polynomials are related to properties of transformations of the Painlevé equation.
The paper is organized as follows. In the introduction we shall first review orthogonal polynomials for a generalized Charlier weight on different lattices and their main properties, following [10] . Next we shall briefly recall the fifth Painlevé equation and its Bäcklund transformation. We then derive the Toda system and show that the recurrence coefficients can be expressed in terms of the solutions of the fifth Painlevé equation. Finally we study the initial conditions of the recurrence coefficients for different lattices.
Orthogonal polynomials for the generalized Charlier weight
One of the most important properties of orthogonal polynomials is a three-term recurrence relation. For a sequence (p n (x)) n∈N of orthonormal polynomials for a weight w on the lattice N = {0, 1, 2, 3, . . .} ∞ k=0
p n (k)p k (k)w(k) = δ n,k ,
where δ n,k is the Kronecker delta, this relation takes the following form:
xp n (x) = a n+1 p n+1 (x) + b n p n (x) + a n p n−1 (x).
For the monic polynomials P n related to orthonormal polynomials p n (x) = γ n x n + · · · with 1
the recurrence relation is given by xP n (x) = P n+1 (x) + b n P n (x) + a 2 n P n−1 (x).
The (classical) Charlier polynomials ([4, Chapter VI], [10] ) are orthogonal on the lattice N with respect to the Poisson distribution:
The weight w k = w(k) = a k /k! satisfies the Pearson equation
where ∇ is the backward difference operator
Here the function w(x) = a x /Γ(x + 1) gives the weights w k = w(k) = a k /k!. The Pearson equation for the Charlier polynomials is, hence, of the form
with σ = 1 and τ a polynomial of degree 1.
Recall that the classical orthogonal polynomials are characterized by the Pearson equation (3) with σ a polynomial of degree at most 2 and τ a polynomial of degree 1. Note that in (3) the operator ∇ is used for orthogonal polynomials on the lattice and it is replaced by differentiation in case of orthogonal polynomials on an interval of the real line. The Pearson equation plays an important role in the theory of classical orthogonal polynomials since it allows to find many useful properties of these polynomials. It is known that the recurrence coefficients of the Charlier polynomials are given explicitly by a 2 n = na and b n = n + a for n ∈ N.
The Charlier weight can be generalized [10] . One can use the weight function
which gives the weight
on the lattice N. The Pearson equation is now of the form
The monic orthogonal polynomials P n (x; a, β) for the weight (4) satisfy
and the three-term recurrence relation is
with initial conditions P −1 = 0 and P 0 = 1. If we replace a by βa and then take the limit β → ∞, one recovers the Charlier polynomials [10] .
Theorem 1.1. [10, Th. 2.1] The recurrence coefficients for the orthogonal polynomials defined by (5) for the weight (4) on the lattice N satisfy
with initial conditions
where I β is the modified Bessel function.
The system (6)- (7) can be identified as a limiting case of an asymmetric discrete Painlevé equation. In this paper we show that it can be obtained from the Bäcklund transformation of the fifth Painlevé equation.
One can use the weight (4) on the shifted lattice N + 1 − β and one can also combine both lattices to obtain the bi-lattice N ∪ (N + 1 − β). The orthogonality measure for the bi-lattice is a linear combination of the measures on N and N + 1 − β. The weight w in (4) on the shifted lattice N + 1 − β = {1 − β, 2 − β, 3 − β, . . .} is given by
We see that up to a constant factor it is equal to the weight on the original lattice N with different parameters. The corresponding monic orthogonal polynomials Q n on the shifted lattice satisfy
and one has Q n (x) = P n (x + β − 1; a, 2 − β).
In [10, Th. 2.2] it is shown that the recurrence coefficients in the three-term recurrence relation
satisfy the same system (6)- (7) (with hats) but with initial conditionŝ
Using the orthogonality measure µ = c 1 µ 1 + c 2 µ 2 , where c 1 , c 2 > 0, µ 1 is the discrete measure on N with weights w k = w(k) and µ 2 is the discrete measure on N + 1 − β with weights v k = w(k + 1 − β), one can study the monic orthogonal polynomials R n (x) = R n (x; a, β, τ ), where τ = c 2 /c 1 > 0, satisfying the three-term recurrence relation
The orthogonality relation is given by
According to [10, Th. 2.3 ] the recurrence coefficientsã 2 n andb n satisfy the system (6)- (7) (with tilde) but with initial conditions
Thus, it is shown in [10] that the orthogonal polynomials for the generalized Charlier weight on the lattice N, on the shifted lattice N + 1 − β and on the bi-lattice N ∪ (N + 1 − β) have recurrence coefficients a 2 n and b n which satisfy the same nonlinear system of discrete (recurrence) equations but the initial conditions are different for each case.
The fifth Painlevé equation and its Bäcklund transformations
The Painlevé equations possess the so-called Painlevé property: the only movable singularities of the solutions are poles [7] . They are often referred to as nonlinear special functions and have numerous applications in mathematics and mathematical physics. The fifth Painlevé equation P V is given by
where y = y(t) and A, B, C, D are arbitrary complex parameters. The fifth Painlevé equation P V in case C = 0, D = 0 can be reduced to the third Painlevé equation [7] . There exists a Bäcklund transformation between solutions of the fifth Painlevé equation with D = 0. [11] Let y = y(t) be a solution of P V with parameters A, B, C, D given by B = −p 2 /2 = 0, C = 0 and D = 0. Then the function y 1 = y 1 (t) given by
is a solution of P V with parameters
The inverse transformation is given by
In case D = 0 there exists another well-known transformation. 
Relation to the third Painlevé equation
The third Painlevé equation P III is given by
where u = u(z) andα,β,γ,δ are arbitrary constants. By a scaling of the independent variable, the parametersγ andδ can be taken equal to 1 and −1 respectively. There is a transformation between solutions of P V and P III . 
The inverse transformation is given by the following theorem. 
is a solution of P III with parameters
Main results
In this section we relate the recurrence coefficients to the solutions of the fifth and third Painlevé equations and identify the discrete system (6)-(7).
The Toda system
It is well-known that for a measure of the form e tx dµ(x) the recurrence coefficients satisfy
with initial conditions a 2 n (0) and b n (0) given by the recurrence coefficients of the orthogonal polynomials for the measure µ. The weight (4) is of this form when we put a = e t . Hence, the recurrence coefficients of the generalized Charlier polynomials on the lattice N, when viewed as functions of the parameter a with respect to weight (4), satisfy
We get this system from (14) by applying the transformation a = exp(t) (see [3] ). The weight (9) is also of this form when a = e t , since
Hence, the recurrence coefficients for the shifted lattice also satisfy the Toda system (15). Also for the bi-lattice we have that w(x) = e tx Γ(β)/Γ(β+x)Γ(x+1) when a = e t , which is of the required form, so that the recurrence coefficients again satisfy the Toda system (15). The only difference between these three cases is in the initial conditions which correspond to the recurrence coefficients of the generalized Charlier polynomials with n = 0 on respectively the lattice N, the shifted lattice N + 1 − β and the bi-lattice N ∪ (N + 1 − β).
Relation to the Bäcklund transformation of the fifth Painlevé equation
First, let us obtain a nonlinear discrete equation for b n (a). Denoting a 2 n = x n , we have from equation (7) that
Equation (6) gives
Substituting the last equation and (16) into equation (6) with n + 1 we have a nonlinear difference equation of the form
for some F which we do not write out explicitly, since it is quite long. We shall show later on that equation (17) can in fact be obtained from the Bäcklund transformation of the fifth Painlevé equation.
To derive the differential equation for b n (a) we use (16) and from equation (6) we have
Substituting this into the first equation of (15) we get
and from the second equation of (15) we have
Differentiating equation (18) 
where y = y(t) satisfies P V with parameters given by
Remark 2. It is known [7] that P V with D = 0 can be reduced to the third Painlevé equation. However, to show that equation (17) can be obtained from the Bäcklund transformation, it is more convenient to use P V .
Remark 3. The parameters (21) are invariant under β → 2 − β; compare with the weight on the shifted lattice (9) .
Let k 1 = 1 and a = t. We use Theorem 1.2 to get y n+1 and y n−1 from y = y n . In particular,
is a solution of P V with A = (β − 1) 2 /2, B = −n 2 /2, C = 2, D = 0 and
is a solution of P V with A = (β − 1) 2 /2, B = −(n + 2) 2 /2, C = 2, D = 0 provided that y = y(t) is a solution of P V with (21). Using (20) we can express b n±1 in terms of y ′ , y. For instance,
Substituting (20) and the expressions of b n±1 into (17), we indeed see that they satisfy the equation. Therefore, the system (6)- (7) is related to the Bäcklund transformation of P V . Finally we use Theorem 1.5 to obtain the parameters of P III . Taking k 1 = 1/2 from (21) we get the following values for different choices of the square roots:α = 2(1 + n − β),β = −2(n + β),
Taking k 1 = 1/2, a = t/2 we change variables t → √ 2t = z in (19) and take b n (a) =B n (z). Then the functions
give the transformations to the third Painlevé equation for the function u = u(z) with parameters (22)- (25) respectively.
In case β = 1 we get from (22)-(25) either α = 2n,β = −2(n + 1) orα = −2(n + 2),β = 2(n + 1).
Initial conditions
In this section we study the initial conditions (8), (10), (11) for the generalized Charlier weight (4) on the lattice N, on the shifted lattice N + 1 − β and on the bi-lattice respectively. We show that the initial conditions correspond to classical solutions of P V . First we get that the equation (19) with n = 0 has solutions satisfying
where
The initial conditions (8), (10), (11) satisfy this equation. Moreover, by using the formulas from [1, 9], or computational software, it can be shown that the general solution of (26) is given by (11) . We note that the Toda system (15) and discrete system system (6)- (7) are unchanged under the transformation β → 2 − β, a 2 n =â 2 n , b n =b n − 1 + β. Also equation (26) is unchanged after this transformation with n = 0.
Using the transformation (20) with k 1 = 1, a = t in (26) we get a first order second degree equation
for which the solutions satisfy P V with parameters A = (β − 1) 2 /2, B = −1/2, C = 2, D = 0. Using the transformation y → 1/y in P V we get equation (38.7) in [7] for special values of the parameters. Hence, the solutions of P V in terms of classical functions correspond to the initial conditions for the recurrence coefficients.
Remark 4. The recurrence coefficients a 2 n and b n can always be written [4] as ratio's of Hankel determinants containing the moments of the orthogonality measure. However, the explicit determinant formulas of classical solutions for all the Painlevé equations are known.
Revisiting case β = 1
It is shown in [3] that the monic polynomials orthogonal with respect to a semi-classical variation of the Charlier weight given by
have recurrence coefficients which satisfy P V with
This weight can be obtained from weight (4) by taking β = 1. However, if we take the parameter β = 1 in (21), we get P V with
which seems to be a contradiction. In the following we will show how to reduce (19) to P V with parameters (27). The following transformation exists between solutions of P V [7] . Let y = y(z) be a solution of P V with A = −B = α/4, C = 0, D = 4γ. Then taking k 1 = 1 and using Theorem 1.3 (e.g., a transformation from the example in case ε = 1) we get a solution of P V with parameters (27). Explicitly this gives b n (t) = n + 7ny 2 − ny 3 − 2zy ′ − y(7n + 2zy ′ ) 8y(y − 1)
, t = z 2 ,
where y = y(z) is a solution of P V with (27). Equation (26) is also transformed to a first order second degree equation for which the solutions satisfy P V . Hence, we get that the solutions of P V in terms of classical special functions generate the initial conditions for the system (6)-(7).
Discussion
The recurrence coefficients for semi-classical weights are often related to the solutions of the Painlevé type equations (e.g., [5, 6] and see also overview in [3] ).
The known results and our recent findings of the relations between the recurrence coefficients of the (generalized) Charlier and Meixner polynomials and the fifth Painlevé equation (12) with parameters (A, B, C, D) can be summarized as follows. We assume below that k ∈ N = {0, 1, . . .}.
